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Abstract
In this paper, we present the methods to generate a stable
and realistic simulator for dental surgery. Firstly, a simpli-
fied force model is derived from grinding theory by consider-
ing the complex bur shape and dental handpiece’s dynamic
behavior. While the force model can be evaluated very fast
to fulfill the high update rate of haptic rendering, it also ex-
plains basic haptic sensation features in tooth preparation
operation. Secondly, as direct rendering of this damping-
like force model may induce instability of the haptic device,
we apply a virtual coupling based method to guarantee the
stability in haptic rendering. Furthermore, implicit integra-
tion of the bur’s motion equation is utilized to ensure numeri-
cal stability. Thirdly, to overcome force discontinuity caused
by locally removing tooth materials, we define a two-layers
based representation for the bur, where the boundary voxels
are adopted to compute forces and the interior voxels are em-
ployed to remove materials from teeth. The experimental re-
sults agree with the real sensation described by experienced
dentists.

1 Introduction
Tooth preparation is ubiquitous in dental surgery. This

process always involves grinding operation using high-speed
rotating burs to modify the shape of the tooth for further
treatment. During this operation, too much applied force will
increase the rate of heat generation and thus damage the tooth
tissues, while too little force may prolong the painful treat-
ment procedure for the patient. Therefore, haptic sensation is
very important for the surgeons to operate successfully. How
to train students on haptic sensation is problematic. Usu-
ally, students in dental training use plastic teeth or removed
teeth from patients mounted on a dummy head to practise
these operations (as illustrated in Fig. 1). However, it is hard
to simulate the stiffness and multi-layered structure of real
teeth by plastic ones, and it is difficult to find sufficient num-
ber of removed teeth. Therefore, there is a great demand for
virtual dental training systems at the dentistry departments
of medical schools.

Fig. 1. Dental surgery training in medical schools on real removed
teeth on a dummy head.

As simulation techniques provide interactive, safe and
reusable patient environment for novices to practise, surgical
simulators have shown strong potential in dental education as
alternatives to traditional training platforms. Recently, sev-
eral virtual reality dental training systems incorporating hap-
tic feedback have been developed (e.g., [1, 2, 3, 4, 5]). These
systems provide realistic visual, sound and debris simula-
tion, and can record the operations of students for the further
evaluation. Besides, other training approach such as haptic
playback is also investigated [6]. The effectiveness of virtual
training has been proved in initial experiments (ref. [7]).

Nevertheless, few of these dental simulators gives de-
tail description about the fidelity of the feedback force when
grinding on teeth. It is believed that unrealistic haptic sensa-
tion in training will mislead the dentists in real surgery. The
challenge of achieving realism comes from the lack of know-
ing fundamentals of tooth grinding and the contradictions be-
tween fidelity and other requirements in haptic interaction.
In short, the fidelity of feedback force, the stability of simu-
lator, and high update rates are generally required. Fidelity
means that the force feeling during the virtual tooth manipu-
lation is similar to that in real situation. Stability refers to the
stable running of the haptic device, a mechatronic system.



For a given haptic device, its stability is typically limited by
the maximum stiffness of spring force model which can be
simulated stably. High update rates, specifically the gener-
ally agreed 1kHZ and 24HZ for haptic and graphic rendering
loops, are required for continuous force and visual percep-
tion (ref. [8]).

Two contradictions exist among these requirements
which should be traded off in practice.
(A) Fidelity and computational efficiency. To achieve ade-

quate update rates, some simplifications of the grinding-
force model and the material removal computation must
be adopted, and these will weaken the fidelity of the sys-
tem in return.

(B) Fidelity and stability. As tooth is hard, tooth manipu-
lating in general requests a high stiffness which exceeds
the device’s maximum stiffness which can be simulated
stably. Furthermore, when material is directly removed,
discontinuity will be generated on the geometric model
of tooth. This will produce discontinuous force feed-
back and lead to unexpected vibration in the simulation.

By considering these contradictions, we develop a practical
approach with high fidelity of feedback force which mean-
while maintains the device in stable. The prototype system
by this approach runs with adequate update rates. The main
results of our approach are as follows.

(i) To compromise between fidelity and computational ef-
ficiency, we derive a simplified tooth grinding force
model based on the machining theory and the dynamic
behavior of dental handpiece (Section 3).

(ii) To balance between fidelity and stability, we render the
force using simulation based method, in contrast to the
prevalent direct rendering in previous surgical drilling
simulators. The benefit of simulation based method
makes it is possible to achieve maximum fidelity while
the device maintains stable (Section 4).

(iii) For the implementation of our force model in 3D dental
grinding simulation, a layered geometry model is uti-
lized to prevent contact discontinuity caused by direct
material removal (Section 5).

2 Related work
There are several haptic enabled surgical drilling sim-

ulators developed in various biomedical applications, such
as general bone surgery [9], temporal bone surgery [10,
11, 12], craniotomy [13], mastoidectomy [14], orthopedic
surgery [15] and dental surgery [1, 2, 3, 4, 5]. They provide
various methods for the calculation of feedback force and
material removal.

The basic idea for drilling simulation is geometry based.
When the tool is penetrated in the bone, response force is
calculated from the penetration volume if the tool is repre-
sented by a solid object [16, 17], or from penetration depth
by simplifying the tool as a point [2, 4]. Meanwhile, the lo-
cal material is removed as a boolean operation between the
tool and the bone geometry. However, immediate removal of

the local bone will result in discontinuity between the bone
geometries in two consequential time periods, which will
cause the discontinuity of penetration volume and depth, and
thus lead to unexpected vibration in the simulation. Several
works [2, 3] applied a filter using a predefined threshold to
smooth the signal before sending it to the device. While this
treatment improves the smoothness of the feedback force, the
filter can make time delay which may induce instability [18].
Another method to improve the smoothness is the erosion
based method proposed by [14]. In contrast to the immedi-
ate removal, erosion based method treats the removal as a
continuous erosion function of time and applied force. Sev-
eral parameters need be formulated and tuned, which is not
an easy job.

Damping force model for drilling simulation is proposed
by Liu [19, 20] based on experimental data of real teeth
drilling. A challenge in applying damping force model is
that it always leads to instability of the haptic device. This
is mainly caused by the fact that the velocity estimation er-
ror is derived from position signals. Especially in dental
drilling, as the velocity is relatively slow, the velocity error
is bigger than the absolute moving velocity which is typ-
ically smaller than 0.5mm/s. Again, filtering method can
be applied to smooth the velocity, and it seems stable when
the user moves very slowly as demonstrated in our previous
work [21]. However, in practical use, the operators always
move the handle with a speed exceeding the slow velocity
constraint. Then, the filter will lead to large mismatch be-
tween the real velocity and the filtered velocity, and leads to
unstable results.

A promising but practically difficult approach is physics
based drilling force modeling. Unfortunately, the theory of
bone drilling is still not clearly explored [22]. The challenge
is the complex fracture phenomenon of the bone drilling
which differs from the continuous metal drilling. Several
pioneers [15, 23] tried to apply metal machining theory in
bone drilling simulation. Tsai [15] reported a physics based
drilling system for orthopedic surgery. While the force is
reported to be similar to the real situation, the material is re-
moved afterwards.

Our method for force computation is stimulated by the
physics based force modeling, but differs from those works
as we are concerned about the grinding operation with a high
stiffness. Besides the machining theory, we also take the be-
havior of the grinding tool into account. This will be detailed
in Section 3.

All above mentioned approaches fall into the direct ren-
dering category. Although this method seems to be very
straightforward, it will easily lead to instability as the stiff-
ness of haptic device is limited. In this paper, we explore
a simulation based method, known as virtual coupling, to
stably render the grinding force. Thus, our approach guar-
antees maximum fidelity as the coupling spring stiffness is
set within the range of the maximally allowed stiffness of a
haptic device. Details about the direct and simulation based
rendering will be introduced in Section 4.



Fig. 2. Burs in different shapes are employed in dental treatments.

Fig. 3. The illustration of tooth subsections (captured from ref. [24]).

3 Grinding Force Model
The grinding theory of tooth is complex and has not been

clearly explored. The feedback force, which is generated by
the grinding interaction between the tooth and the dental bur
mounted on the handpiece, depends on the behavior of these
objects. As both the behavior of the teeth and the dental
handpiece (mainly air-turbine handpiece) are different from
the metals and tools in metal grinding, the machining theory
of metal can not be applied directly. Clinically, the grinding
forces are affected by the following factors.

1. Shape of burs. As shown in Fig. 2, many different burs
could be used in dental treatment. Moreover, the shape
of burs will also change after abrasion.

2. Behavior of handpiece. Different rotation speeds, for-
warding speeds, and powers will also change the value
of grinding force significantly.

3. Behavior of different tooth sections. A tooth consists of
different subsections in different materials (see Fig. 3).
When cutting into different sections, different grinding
forces will be produced.

4. Environment. The environmental factors include the
temperature, the cooling water, etc.

By studying the existing grinding theory and the behav-
ior of teeth and handpiece, we are trying to model the haptic
sensation features of tooth grinding described by dentists. A
simplified model considering only the major factors is devel-
oped. More specifically, the handpiece (including its shape,
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Fig. 4. A typical grinding process. The grinding force is divided into
normal grinding force Fn and tangential grinding force Ft .

the rotation speed, the forward speed, its stall torque), the
contact area and the materials of subsection under processing
are major factors affecting the final grinding force. Among
these components, the behavior in different subsections, the
shape and stall torque of the handpiece is almost constant
during the interaction. Other components are interactional
during simulation.

3.1 Grinding Theory
The grinding theory explains the phenomenon of mate-

rial removal as a result of the interaction between the cut-
ter and the workpiece. Many researches in bone machining
employed the theorem of metal manufacturing in their sim-
ulation (e.g., [22]). A typical grinding process is as shown
in Fig. 4, where a rotating wheel with linear velocity vs is
grinding on a workpiece with velocity vw. It should be noted
that in dental surgery, the workpiece (tooth) is static, whereas
the grinding tool which is held by the dentist approaches the
tooth with both rotation and translation velocity. According
to the well-established grinding theory introduced in [25],
the grinding force can be divided into two parts, the normal
grinding force Fn and tangential grinding force Ft . The power
of the handpiece is expressed as

P = Ft · (vs± vw) (1)

where the plus sign is for up-grinding with the wheel and
workpiece velocities vs and vw in opposite directions at the
grinding zone, and the minus sign is for down-grinding. As
vw is much less than vs in dental grinding, the power can be
further simplified to

P = Ft · vs (2)

Chips are formed and removed as a result of the cutting en-
ergy. The specific grinding energy, which is defined as the
energy required to remove a unit volume of material, can be
expressed as

u = P/Qw (3)



where Qw is the volume removed per unit of time. In the
configuration as in Fig. 4,

Qw = vwhb (4)

where b and h refer to the grinding width and depth respec-
tively.

The specific grinding energy u is relatively constant in
value for a given material and a grinding wheel when there
is only small changes in grinding conditions [25]. Thus the
tangential force can be approximated as

Ft = uQw/vs (5)

Meanwhile, we can approximate the normal force since it
is in general proportional to the tangential force [25]. We
regroup these formulas as

{
Ft = uvwhb/vs

Fn = 1
α uvwhb/vs

(6)

where α is the coefficient of the relationship between the nor-
mal force and tangential force. In this formula, the variables
vw, vs, h, b can be gotten from the grinding configuration,
while the parameters α and u are related to specific material
of the workpiece and grinding tool, and can be measured by
experiments.

3.2 Force Analysis of Bur
Different from the regular shaped grinding wheels used

in manufacturing, the dental bur is rather complex in shape
(see Fig. 2). To calculate the overall feedback force in grind-
ing simulation, we have to divide the grinding surface into
infinitesimal grinding elements, calculate the force exerted
on each small element, and then integrate over the surface to
get the final feedback force.

The force analysis of infinitesimal grinding surface is as
shown in Fig. 5. The force is divided into the elemental nor-
mal force dFFFn pointing inwards and the elemental tangential
force dFFF t along the tangential vector pointing opposite to the
rotation direction. By the forces in Eq. 6, we could get

{
dFFF t = u(s)vvv ·nnnn(s)nnnt(s) 1

2πNr(s)ds

dFFFn = 1
α u(s)vvv ·nnnn(s)(−nnnn(s)) 1

2πNr(s)ds
(7)

where ds is the area of contact element, r is the radius, N is
the rotation rate, and nnnn and nnnt are the normal and tangential
vectors. Here, 1/2πNr(s) is the inverse of rotating veloc-
ity vs in Eq. 6. Since in tooth preparation, patient’s tooth
is static and the dentist moves the handpiece to grind, the
workpiece’s velocity vw is replaced by vvv · nnnn(s), where vvv is
the translational velocity of the handpiece. vvv ·nnnn(s) is the ve-
locity component in the contact element’s normal direction,
thus vvv ·nnnn(s)ds is the volume removed per unit of time. Note
that we assume the translation velocity at every surface point
is the same, which is consistent with the operation principle
in tooth preparation. As the same but will be used during the
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Fig. 5. Force analysis on the surface of bur.

whole procedure of tooth preparation, we assume the param-
eters u(s) and α are only related to the subsection of tooth
under process. We can decide their values by experimental
grinding, or tune them on the dentists’ evaluation of simula-
tor.

This formula expresses the force acting on a contact el-
ement on the surface of the bur. Integrating them, we get the
total force FFF and the total torque Tz around the rotating axis
as

FFF =
1

2πN

∫ ∫

D
u(s)vvv ·nnnn(s)

1
r(s)

[
− 1

α
nnnn(s)+nnnt(s)

]
ds

(8)

Tz =
∫∫

D dFFF t(s)rrr(s) = 1
2πN

∫∫
D u(s)(vvv ·nnnn(s))ds (9)

where D is the surface of the bur which contacts with the
tooth.

3.3 Inspection of Handpiece’s Dynamic Behavior
One of the key feature in dental grinding has not been

investigated. That is the performance of handpiece when the
operator applies too much force during the grinding. In re-
ality, the handpiece will stand still and no materials will be
removed from tooth. However, such scenario is dangerous as
moving handpiece like that may damage the tooth and even
result in handpiece broken. Although experienced dentists
would not make this mistake, we still need to inspect this
since we are targeting at a simulator for training novices.

The maximum torque of handpiece is expressed as stall
torque. It shows a linear relationship with the pressure of the
gas, which acts as the power for the handpiece’s rotation.

τs = Φp (10)

where p is the gas pressure in bar unit, and Φ is the stall
torque coefficient. Typical pressure used in dental grinding
is about 2.5 bar, then Φ is found at around 0.4 (ref. [26]).

When the torque is greater than the threshold, the bur
will stall then. Thus, we use a Boolean value to indicate the
status of the bur.

Son =
{

1 if Tz ≤Φp
0 if Tz > Φp (11)
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Fig. 6. Virtual coupling scheme: the virtual bur is coupled with the
haptic handle through a viscoelastic / elastic spring and the motion of
virtual bur is governed by the coupling force and the grinding force.

4 Virtual Coupling based Stable Haptic Rendering
The grinding force model in Eq. 8 indicates that there

is a damping effect between the grinding force and the op-
erator’s forward velocity. If direct rendering is employed
in the display of damping force, the position of haptic de-
vice is directly applied to the virtual tool. Collision detec-
tion and response are both calculated based on this posi-
tion, and the resultant force is displayed back directly to the
handle of haptic device. However, such direct rendering of
damping force is only stable when the damping coefficient is
very small – 0.01Ns/mm for Phantom is suggested by [19].
However, the damping coefficient in tooth grinding (typically
4Ns/mm [19]) is much larger than the threshold of stable di-
rect rendering.

To overcome this difficulty, we conduct an alternative
approach, simulation based rendering. In simulation based
methods, the position of virtual tool is governed by the
coupling force as well as the collision response between
the virtual tool and other objects in the virtual environ-
ment. In our application of dental grinding, the collision
response is the grinding force. A coupling force is defined
by adding a virtual viscoelastic / elastic coupling (i.e., a cou-
pling spring [27]) between the positions of the device and the
virtual tool. The simulation based method can overcome the
small threshold of damping coefficient in direct rendering as
stability is now guaranteed by a passive simulation of the vir-
tual tool [28]. It should be noted that the grinding force and
the coupling force which serves as feedback force are only
slightly different – this is proved by the fact that there is no
significant acceleration in the motion of the virtual tool. The
felt stiffness (feedback force / movement of the haptic de-
vice stylus) is characterized by the stiffness of the coupling
spring.

The virtual coupling in dental grinding is as illustrated
in Fig. 6, where the virtual bur is coupled to the haptic handle
through a spring. The force exerted on the bur includes the
virtual coupling force, FFFVC, computed from Hooke’s law and
the grinding force, FFFG, computed from the grinding force
model.

FFFVC = kVC(PPPHandle−PPPBur) (12)

FFFG = BBB3×3ṖPPBur (13)

with

BBB3×3 =
1

2πN

∫ ∫

D
u(s)

1
r(s)

[
− 1

α
nnnn(s)+nnnt(s)

]
nnnT

n (s)ds

(14)
In these equations, FVC is the virtual coupling force, kVC is
the stiffness of the coupling spring, PHandle and PBur are the
position of the haptic handle and the virtual bur respectively,
FG is the grinding force, v shows the forward velocity of
the bur, and m is the mass of the bur. kVC is chosen to be
smaller than the stiffness of the given haptic device to en-
sue stability. We denote the state-space of the virtual bur by
yyy(t) = (PPPBur,vvv)T , then the translational motion of the virtual
bur is governed by the total force as

ẏyy(t) =
(

ṖPPBur
v̇vv

)
=

(
vvv
(FFFVC +FFFG)/m

)
(15)

ẏyy(t) is expressed as fff (t) in the following derivation.
Note that we do not include the rotational coupling in

the current setup as in practice the dentists seldom rotate the
handpiece when the bur contacts with the tooth. Neverthe-
less, if needed, the rotation can be easily intergraded in the
setup by adding the orientation and angular velocity in the
equations of the motion (see [29]).

Applying the explicit Euler’s method to solve the hap-
tic rendering problem will induce numerical instability.
Therefore, we applied implicit integration method to solve
this differential equations, following Baraff’s integration
method [30]. In the discretized formulation, instead of writ-
ing yyyi = yyyi−1 +hẏyyi−1 in Euler’s method, we use the backward
Euler’s formula,

yyyi = yyyi−1 +hẏyyi (16)

where the subscript i refers to the state of current time step,
and i− 1 is the state of previous time step. h is the time
step, and h = 1ms is chosen for achieving the 1kHZ haptic
rendering rate. To solve Eq. 16, we approximate ẏyyi by ẏyyi−1 +
∂ fff
∂yyy ∆yyy by using the Taylor expression with ∆yyy = yyyi − yyyi−1.
Rearranging these terms, the linear system of equations can
be expressed in the form

(
III−h

∂ fff
∂yyy

)
∆yyy = h fff i−1 (17)

where III−h ∂ fff
∂yyy is a 6×6 matrix, and ∂ fff

∂yyy is the Jacobian of the
equations of the bur translational motion.

By Eq. 15 and meanwhile taking the assumption that
the state of the variables in Eq. 14 are constant during one
rendering loop, the Jacobian can be expressed as

∂ fff
∂yyy

=
[

0003×3 III3×3

− kVC
m I3×3

BBB3×3
m

]
(18)

We solve the linear system in Eq. 17 by Gaussian elimina-
tion. With the ∆yyy obtained from Eq. 17, the current state
of the bur and then the corresponding feedback force can be
easily computed.



5 Voxel based 3D Grinding
After deriving the formulas about how to compute the

forces, we will introduce the implementation details of our
voxel based simulator in this section.

We choose to implement our simulator based on voxel
representation for several reasons. Compared with models
in mesh representation, voxel-based models [16, 17] provide
an intuitive representation for a solid formed by different tis-
sues have different physical properties (e.g., stiffness) in dif-
ferent regions. Moreover, voxel representation is more suit-
able for material removal simulations such as virtual clay
and virtual grinding, where removal can be simply imple-
mented by deleting related voxels. Whereas, complex and
time-consuming mesh generation algorithm needs to be de-
veloped for such simulations when mesh representation is
adopted (e.g., [2]).

An initial system overview of voxel-based simulation
has been introduced in our previous publication [21]. In this
paper, a new force model is introduced, and a different nu-
merical integration scheme is adopted.

5.1 Material removal
Our method for the material removal is geometry based.

Geometrically, two solid bodies such as the tooth and the
bur will never occupy a same space in ℜ3. Therefore, in the
simulation, when the bur contacts the treated tooth, the corre-
sponding voxels in the tooth will be removed. The collision
information is detected by checking all voxels of the tool to
see if any of them is in the space occupied by voxels of the
tooth [21].

The problem with direct removal of collided voxels is
that the contact area will change significantly. The maxi-
mally allowed displacement smax of a bur is determined by
the maximum velocity of the bur, vmax, as

smax = vmax∆t (19)

with ∆t being the time step. In typical dental grinding, the
maximum velocity vmax is about 0.5mm/s. For high fidelity
haptic rendering, ∆t must be at least 1ms. Then, we have
smax = 0.0005mm. Suppose that at a time current ti, the bur
has contacted the tooth, the overlapped voxels are then re-
moved immediately. In the next haptic rendering cycle, the
bur’s movement must be less than the maximally allowed dis-
placement smax of the bur. As smax = 0.0005mm is far below
the voxel size of the tooth, this means that at the next time
current ti+1 the bur will lose contact with the tooth. If so,
the computed resistance force will be zero as our grinding
force model is based on the contact area. When processing
material removal in this way, the discontinuity of computed
resistance force will occur frequently and will then make the
haptic system unstable. This effect can be eliminated by us-
ing very high voxel resolution, which however will greatly
increase the cost of computational time and memory and is
impractical.

To avoid force discontinuity caused by the loss of con-
tact in voxel model, we proposed a two-layer model based

a ) Before voxel removed b ) After voxel removed

Bur

Tooth

Fig. 7. Material removal: (a) the status at the time current t = ti and
(b) the status at t = ti+1 where three voxels in the tooth have been
removed. However, the contact area is constant during the material
removal. For giving a better illustration, internal voxels of the bur are
not displayed in (b).

material removal method. That is, the voxels of a tooth is
removed only when the interior voxels of the bur has over-
lapped with those tooth voxels. The boundary voxels of a
bur are adopted for detecting contact and computing the re-
sistance force, while the interior voxels are used for material
removal. After removing the corresponding tooth voxels, the
tooth voxels overlapped by the boundary bur voxels will be-
come the new surface of the tooth. Using this method, no
matter what size the voxel is, the contact area will not change
significantly when removing material (i.e., voxels) from the
tooth model. Thus, there is no significant force discontinu-
ity any more. Figure 7 illustrates of our material removal
method.

In practice, as the grinding velocity is relatively low,
there is no need for surface updating at every haptic loop.
The time span for the interior voxels to contact new surface
is about T = Dvoxel/vmax with Dvoxel being the voxel size and
vmax being the maximum grinding velocity. Therefore, the
appropriate update rate of material removal is

f = 1/T = vmax/Dvoxel (20)

5.2 Haptic rendering algorithm
The computation flow of haptic rendering is straightfor-

ward. In every haptic rendering cycle (1kHZ), we perform
the following steps.

1. Update the position and posture of the haptic handle.
2. Check whether the virtual bur and the tooth collide at

the previous time step. If not, go back to step 1.
3. Calculate forces at the previous time step: FG and Tz by

Eq. 8 and Eq. 9 respectively, and FVC by Eq. 12.
4. Detect the status of the bur based on Eq. 11 – whether

stall or still keep rotating.
5. If the bur stalls, then the position of the virtual bur will

not be be updated, and its velocity is assigned to be zero.
6. If the bur still rotates, we calculate the Jacobian based on

Eq. 18, and solve Eq. 17 to get the position and velocity
change during the last step. Then, the current position
and velocity at the current time step can be obtained.

7. Calculate the virtual coupling force of current time step
based on Eq. 12, and send the force to haptic device.



Fig. 8. The left picture shows the training scenario. The internal
physical structure of the platform can be found in the right picture,
which consists of a computer monitor, two haptic devices, and a half-
silvered mirror to co-locate the virtual environment and real hands.

In every material removal loop, we check whether there are
interval voxels of the handpiece overlapping the voxels of
tooth. If yes, remove them. Then, the marching cubes algo-
rithm [31] is employed to generate the mesh surface from the
voxels for visual rendering.

6 Experimental Results
The proposed methods have been implemented in Vi-

sual Studio 2005 with OpenHaptics and OpenGL, and in-
tegrated into a dental training system. This system is com-
posed of two haptic devices (one for dominant operation such
as grinding, and the other for auxiliary operation such as us-
ing a mouth mirror to assist viewing, see Fig. 1), and a half-
silvered mirror to achieve collocated display between the vi-
sual and haptic sensation (see Fig. 8). This system is aimed at
providing vivid dental training simulation in a college level
dentist training course. The haptic device used for grinding
operation in our system is the Phantom Desktop from Sens-
able Technologies, and our computation is conducted on a
PC with Intel Core2 Duo CPU and 2GB RAM plus an ATI
Radeon X1550 display card with 256MB RAM.

In our experimental tests, the parameters are chosen as
follows.

1. Tooth: A volume of tooth (8mm ∗ 8mm ∗ 8mm) is vox-
elized with voxel size of 0.1mm. The specific grinding
energy u is assigned with 0.3J/mm3 for the hard enamel,
and 0.1J/mm3 for the soft dentin (see Ref. [32] for the
specific cutting energy of bone). The real tooth model is
acquired using CT scan with 512∗512 resolution where
the area occupied by the tooth is around 256∗256.

2. Handpiece and Bur: A spherical bur (with diameter
1.2mm) and a cylinder bur (with diameter 1.2mm and
length 3.0mm) are also voxelized with the same voxel
size as that of the tooth. The coefficient between the
tangential force and normal force is chosen as 0.25 [25].

6.1 Evaluation of Force Model
In this experiment, we test the grinding force generated

by our method based on the above parameters of tooth, hand-
piece and bur. Here, we simulate that only one parameter is
changed while others retain their initial values.
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Fig. 9. The specific grinding energy u of the hard enamel is
0.3J/mm3 and the energy 0.1J/mm3 is for the inner soft dentin.
The hard enamel and the soft dentin are shown in different color in
the right. The right picture shows the resultant geometry of grinding.
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Fig. 10. The magnitude of velocity in y-direction is increasing when
vertically moving a cylinder bur to the surface of a tooth. The resul-
tant grinding forces (Fx, Fy) and torque (Tz) are proportional to the
change of velocity.

Material property. Figure 9 shows grinding on the work-
piece with different properties when vertically moving a
cylinder bur to the surface of a tooth with a constant velocity
of 0.5mm/s. At the beginning of the simulation, the bur and
the tooth have no collision. From the curves, it is not diffi-
cult to find that the grinding force in two directions (Fx, Fy)
and the torque (Tz) are proportional to the specific grinding
energy of the material, where u1 = 0.3J/mm3 is for the hard
enamel (i.e., the first contacted region during grinding) and
u2 = 0.1J/mm3 is assigned for the soft dentin.

Grinding velocity. Figure 10 shows the grinding forces gen-
erated with variational velocity. Here, when vertically mov-
ing a cylinder bur to the surface of a tooth, we increase its
velocity with a constant acceleration. From the curve, we
find that the grinding forces (Fx, Fy) and the torque (Tz) are
proportional to the change of velocity.

Contact area. In this test, when moving the cylinder bur to
the surface of tooth, the bur is moved in both y and z direc-
tions. Then, the contact area decreases during the procedure
of grinding. The resultant grinding force in two directions
(Fx, Fy) and the torque (Tz) are as shown in Fig. 11. They are
proportional to the contact area.
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Fig. 11. Grinding with decreased contact area during the simula-
tion. The resultant grinding forces and torque are proportional to the
contact area.
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Fig. 12. Grinding using a ball bur. The trend of the forces and torque
generated by using a ball bur is similar to that generated by using a
cylinder bur (as in Fig. 9). The right picture shows resulting geome-
try using a ball bur, different from that of using a cylinder bur (as in
Fig. 9).

Different burs. Figure 12 shows the grinding forces gen-
erated by moving a ball bur vertically onto the surface of a
tooth. It is not difficult to find that the trend of the force and
torque using a ball bur is similar to that using a cylinder bur,
but the value of resultant forces and torques using a ball bur
is smaller. The resultant geometry is different as the head
face of the cylinder can produce sharp corner.

Note that although the force curves generated in above
tests do not embed vibration with high frequency, we cannot
apply these forces directly to the haptic device by using po-
sition signals to estimate the velocity. This is because that
the position signals usually have sampling errors embedded.
Virtual coupling can amend the problem. The artifacts on
the force curves are due to the low resolution of voxels – we
simply call them voxel-effect in the analysis below.

6.2 Evaluation of Virtual Coupling
In these tests, we calculate the grinding force and the

coupling force to derive the position of the virtual bur, and
the coupling force is sent to the haptic device.

The time step for integration is same to the haptic up-
date rate (i.e., 1ms). The mass of the bur is chosen as 8g.
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Fig. 13. Virtual coupling based grinding on two different materials.
Compared with direct force calculation in Fig. 9, the voxel-effect has
been eliminated.
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Fig. 14. Grinding with increasing forward velocity. At first, the cou-
pling force and torque is increasing proportional to the value of ve-
locity. When the torque exceeds the stall torque, we will stop moving
the virtual bur even if the coupling force increases sharply.

Figure 13 shows the coupling force when grinding on two
materials with the same parameters to Fig. 9. Compare these
two figures, we can find that the difference between these two
forces is small, and the difference can be found at the grow-
ing up stage of the force. The coupling force can partly elim-
inate the voxel effect as it is based on the coupling spring,
whose length can not change significantly and thus serves
like a filter.

Figure 14 shows the forces when grinding with increas-
ing velocity by using the same parameters as in Fig. 10.
Here, in virtual coupling based method, we judge whether
the torque is bigger than the stall torque before calculat-
ing the new position of the virtual bur. The last section of
the Fig. 14 shows that when moving too fast (approximate
0.7mm/s), the torque will be bigger than the stall torque (set
as 1.2mNm in our experiment). Then, we will stop moving
the virtual bur even if the coupling force is increasing.

We conduct an interactive test to compare the forces
generated by the direct rendering versus the virtual coupling.
Figure 15 shows the force plot during interaction. The vi-
bration in direct rendering is much larger than that in vir-
tual coupling based approach. In this experiment, the op-
erator tries to move the haptic device with velocity around
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Fig. 15. Forces generated by different approaches – direct render-
ing vs. virtual coupling based rendering. In the interactive test, the
virtual coupling based approach provides more stable feedback force
than the direct rendering.

0.5mm/s. However, during the direct rendering, due to the
vibration, the operator is sometimes difficult to control the
device. The force curve of direct rendering is chosen after
several trials.

The results of designing the tooth cavity and preparing
the tooth crown using our system are shown in Fig. 16. The
dentist reports that during this operation the force sensation
is smooth and feels like grinding on real teeth. Comparing to
our previous work in [2], the forces rendered during grinding
are more real.

6.3 Discussion
As shown in Figs.9-12, the trends in feedback force

with respect to different grinding conditions, material prop-
erties, forwarding velocities, contact areas, and different burs
are consistent with the haptic sensation in real grinding de-
scribed by experienced dentists. This validates our simpli-
fication on the force model. The feedback force calculated
from the grinding force model composed of two components:
the force in the forward direction to resist the movement and
the resistent force to the rotation. Whereas, our previous
works [2,19,21] and other geometry based approaches [4,10]
provide only the former one.

Virtual coupling based rendering provides smoother
feedback force than the direct rendering (as shown in
Fig. 13). However, in the virtual coupling approach, the
positions of the virtual bur and the haptic handle are not
synchronized. It is similar to the concept of transparency
in tele-operation. The displacement between their positions
depends on the stiffness of the coupling spring. Further im-
provement in the hardware will decrease this mismatch and
thus improve the fidelity of our simulator.

For haptic enabled simulator in bone machining, while
neither the fundamental theory nor the experimental setup
is available, one practical way to enhance the fidelity is to
communicate more with the experts in the application do-
main, and try to mimic the subjective sensation by objective
simplification of the theory. Specifically designed measure-
ment system will be an important support to evaluate the pa-

Fig. 16. The results by using our system: left – the original teeth,
and right – preparing the crown to mount fake teeth (top row); the
prepared class II cavity (middle row); and the prepared class I cavity
(bottom row).

rameters in the force model, and other approaches, such as
measurement based rendering [33], may be also a choice for
realistic force calculation.

To our understanding, the realism has two levels of
meaning. Firstly, it refers to the trend of the force with re-
spect to different operation conditions. This is evaluated by
the experiments. Secondly, on a higher level, it refers to the
quantified value of realism. Perceptual assessment study is a
necessary step for the evaluation of a training platform. As
there is no useful quantification of perceptual realism avail-
able currently, we plan to conduct a study with a sufficient
number of professional dentists after setting up some quan-
tification criterions with our collaborators in College of Den-
tistry.

Besides the contact between the bur and the tooth which
is investigated in this paper, other kinds of contact may also
happen in a virtual training platform, such as the contact be-
tween the handle of the handpiece and the tooth, the elastic
gums and tongue, and maybe contacts in multiple regions si-
multaneously. Force modeling of these contacts still needs
more effort to make a robust simulator for training purpose.



7 Conclusion
In this paper we present a simplified grinding force

model for haptic interaction. The force model is derived
from machining theory of grinding by integrating the factors
such the shape of bur and the dynamic behavior of dental
handpiece. In our approach, the forces are calculated using
virtual coupling to enhance the stability in haptic rendering.
Based on these methods, we have developed a voxel-based
grinding simulator for tooth preparation training. The re-
sults show that the trends in feedback force with respect to
different grinding conditions are consistent with the haptic
sensation in real grinding described by experienced dentists.
Specifically, the force magnitude is different with respect to
the forwarding velocity of the bur, the specific energy of the
material, the contact area, and different bur shapes. This
work also demonstrates that the virtual coupling is effective
in eliminating the vibration thus improves the stability of the
simulator.

In our current implementation, we target the stability
and fidelity. The system can support a virtual environment
with a resolution of 2563. As we think, this resolution is not
sufficient to represent a whole mouth teeth. Thus, for gener-
ating a better simulator in medical training, the memory cost
must be minimized and the computational efficiency should
be further improved. Possible ways to reach that include to
employ some hierarchy data-structure like Octree and to bor-
row the parallel computational power available on graphics
hardware. We consider these as our near future work.
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